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The twist-bend nematic phase (NTB) is characterized by a conically twisting director and by a dramatic softening 
of the bend elastic constant before the transition to NTB phase. In the recently found splay nematic phase (NS) the 
splay elastic constant tends to zero, resulting in a splay modulation perpendicular to the director. We model both 
phases with a single Q-tensor free energy including a term that breaks the degeneracy between the splay and bend 
elastic constant, and a flexoelectric term coupling the divergence of the Q-tensor with polarization. NTB or NS phase 
is obtained by a change of sign of one elastic parameter. Measured elastic constants show that N-NTB transition is 
mainly driven by the increase of the nematic order, while the NS transition is due to flexoelectric coupling.   
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I. INTRODUCTION 
In recent years it has been found that nematic 
liquid crystals exhibit transitions to new phases that are 
still nematic but are periodically modulated. The first 
such phase is the twist-bend nematic (NTB) in which the 
nematic director helically twists about an axis parallel 
to the director in the normal nematic (N) phase [1–4]. 
The helix can be either right or left handed, so the 
transition breaks the chiral symmetry of the normal N 
phase. The molecules that form this phase are flexible 
dimers of some common nematogens that tend to have 
bent relaxed shape. A characteristic property of these 
materials is that the bend elastic constant in the N phase 
is unusually small and strongly decreases upon 
approaching the NTB phase. The softening of the bend 
elastic constant was also obtained in the numerical 
molecular modeling of Cestari et al [5]. 
Recently we found another nematic-nematic 
transition [6] where in the normal high temperature N 
phase the splay elastic constant becomes very small, so 
that the low temperature phase must exhibit 
spontaneous splay. As it is impossible to fill space with 
homogeneous splay, this NS phase must be periodically 
splayed in the direction perpendicular to the nematic 
director. 
There are several models that have been proposed 
for the NTB phase. This phase was theoretically 
predicted by I. Dozov [7], who observed that if for 
some reason the bend elastic constant goes to zero, a 
modulated phase must result. In his model two possible 
states are predicted, either a helically twisted phase 
where bend is accompanied by twist, or a splay-bend 
phase (NSB) in which the bend is planar and 
accompanied by some splay. The modulation vector is 
parallel to the average director. This NSB phase should 
occur for sufficiently large twist elastic constant. In 
Dozov’s Landau type model the deformed state is 
stabilized by terms with second derivatives of the 
director. 
Based on an observation by R. Meyer [8] that the 
coupling of the flexoelectric polarization, that is 
electric polarization that arises as a result of bend or 
splay deformation, could make the nematic state 
unstable, Shamid et al. [9] proposed a Landau-de 
Gennes model with coupled bend deformation of the 
director and polarization and showed that this can 
describe the NTB phase.  
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Recently, L. Longa [10] analyzed a free energy 
with the primary nematic order parameter a traceless 
second rank tensor Qij. For the normal N phase
1
3
S
 
   
 
Q n n I , where S is the degree of nematic 
order. In the free energy Longa included two isotropic 
quadratic terms in the gradient of the order tensor Q
and bilinear coupling of Qwith a polarization vector 
P  plus a number of other terms. Longa stresses that P  
does not have to be the electric polarization, in which 
case the coupling term describes flexoelectric effect, 
but can also be a vector associated with the shape of the 
molecules. In the case of bent molecules this is a vector 
perpendicular to the molecular long axis in the plane of 
the bend. In the analysis he finds several modulated 
phases including the NTB, but not the NS.  
In this work we present a Landau-de Gennes type 
model also based on Q-tensor expansion and coupling 
to polarization vector. In the free energy used by Longa 
the bend and splay elastic constants are degenerate. In 
our model we add terms that break this degeneracy and 
show that by just changing the sign of the degeneracy 
breaking term both the NTB and NS phases can be 
obtained. We also present experimental data on elastic 
constants that shed some additional light on the source 
of the instability leading to the transition.   
II. THEORY 
A. Nematic elastic constants  
The free energy density describing isotropic-
nematic phase transition in terms of Q-tensor was given 
by de Gennes [11] 
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The constant A is assumed to become negative at a 
certain temperature Tc, and for the usual N phase with 
S > 0 the constant B is negative, so that the transition is 
first order and Q uniaxial. The two elastic terms in Q
are the only isotropic volume ones, second order in Q. 
When the nematic elastic constants in the free energy 
in terms of the director are expressed in deGennes 
constants, the splay constant K1 and the bend constant 
K3 are equal, while the twist constant K2 is different. To 
break this degeneracy, it is necessary to add to free 
energy (1) new terms: 
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There are two other similar terms that are linearly 
dependent or differ by a divergence (surface term) from 
the ones given above. 
The Frank-Oseen usual nematic constants are 
related to the above in the following way: 
   
   
2 3
1 1 2 31 32 33 34 35
2 3
2 1 33
2 3
3 1 2 31 32 33 34 35
2
2 2 2
3
2
2
3
2
2 2 2
3
K S L L S L L L L L
K S L S L
K S L L S L L L L L
       
 
      
 
  (3) 
Four of the five terms L3i break the degeneracy of 
between K1 and K3. It is important to note that their 
contribution is proportional to S3. 
B. Model of NTB and NS phase 
We construct the free energy density that 
describes the phase transition from the normal 
homogeneous N phase to the spatially modulated NTB 
or NS phase following the idea, developed in Ref. [9], 
that the elastic instability results from the flexoelectric 
coupling between the gradient of the director and 
polarization P. In our case the only such term is with 
the divergence of Q: 
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  (4) 
We only include one term that breaks the splay-bend 
degeneracy. Within the approximation that Q remains 
uniaxial in the deformed phase, all other terms lead to 
the same results.  The parameter t in the leading term 
of energy associated with P contains a positive 
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electrostatic contribution, a positive entropic part 
increasing with T, and a negative molecular packing 
contribution, so we assume it is an increasing function 
of T. It does not have to become negative at some T0 as 
assumed in Ref. [9]. The parameter γ describes the 
flexoelectric coupling, and the term d Pi,jPi,j is the 
lowest order one that stabilizes the deformed phases. 
Free energy density (4) is the minimal one to describe 
the N to NTB,NS transitions. 
1. NTB transition 
In the case of NTB transition the bend elastic 
constant is smaller than splay, so according to eq. (3) 
we take L31 < 0. We also assume Q to remain uniaxial 
in the NTB phase. This is an approximation as the local 
symmetry of the NTB or NS phase is biaxial, but the 
amount of biaxiality is expected to be small. Namely, 
if the amount of biaxiality of Q is p, then the associated 
free energy density from expression (1) is  
|B|S p2. The ratio 1 / 1 nmL B  , so unless the 
gradient of Q is of the order of 1 nm-1, as may occur in 
the core of a defect, the biaxiality induced by elastic 
deformations is small. So we take Q of the form (Fig. 
1a) 
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The magnitude of the nematic order parameter S is 
governed by the first three terms in Eq. (1). In the 
following we assume that it is a given function 
increasing with decreasing T and is unaffected by the 
transition to the modulated phase. 
Polarization must also depend only on z 
coordinate: 
        1 2 3, ,z p z p z p z   P  . (6) 
Putting (5) and (6) into (4), the obtained expression for 
free energy is a functional of P(z). The corresponding 
Euler-Lagrange equations have the solution 
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Inserting P into f and expanding f to θ4 (or introducing 
sin θ as a new variable), we get a reduced free energy 
density 
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where 2 2 31 2 312 4 / 3bc L S L S L S   . For ct t , 
where 
2 /c bt c , the N phase with θ = 0 is stable. The 
effective bend elastic constant 
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goes to 0 at tc . Note that the instability can also be 
driven by the negative value of L31 and increasing S 
instead of decreasing t.  
 
Figure 1: (color online)   (a) Scheme of the twist-bend 
nematic phase. (b) Temperature dependence of the 
splay (red squares), the twist (green circles), and the 
bend (blue triangles) elastic constants in the nematic 
phase above the N-NTB phase transition. Inset: 
Temperature dependence of the anisotropy of the index 
of refraction. 
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For 
ct t  the NTB is stable. To find the equilibrium 
values of θ and k we have to solve the equations 
0    and      0
df df
d dk
  . The solution is rather 
complicated but it can be expanded to the lowest order 
in 
ct t t    to get  
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Also to the same order 
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These expressions are very similar to the ones derived 
by Shamid et al. [9]. Note that the possible choice of 
sign of θ relative to k reflects the chiral symmetry 
breaking  in the NTB phase. 
 
Figure 2: (color online) Dependence of the bend (blue 
triangles), the twist (green circles) and the splay (red 
squares) elastic constants divided by (Δn/Δn0)2 on Δn. 
Δn0 is the value of Δn at TN-NTB. 
We can also look for the conditions under which 
the NSB phase theoretically predicted by I. Dozov [7] 
would be stable. In this case the director must be of the 
form  
     sin sin ,0,cos sinkz kz n .  (12) 
Putting the corresponding Q into f , integrating over 
period 2π/k, and expanding to ϑ4 we again obtain a 
functional of P(z) that gives as a solution to the Euler-
Lagrange equations 
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We put this into F and keep terms up to ϑ4. For t>tc the 
equilibrium conditions give the same softening of the 
K3eff as before, given in eq. (9). For t<tc the solution for 
the equilibrium to the lowest order in Δt is 
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To find out which structure is the stable one we must 
compare the equilibrium values of f in both cases. For 
NTB we get 
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The NTB phase is stable if 
 3 31 2 31 1 312   2 b bL K c L S K c L S      . 
 (17) 
This implies a rather large twist constant so we do not 
expect the NSB phase to be observed.   
2. NS transition 
Now we look at the transition to the splay nematic 
phase NS, where the deformation modulation is 
perpendicular to n in the N phase. As in this case the 
splay constant is soft and leads to instability, we take 
L31 > 0. We again assume that Q is uniaxial, so n and P 
must have the form (Fig. 3a) 
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As before, putting Q and P into f, integrating over 
period to get F f dx  , expanding F to ϑ
4, and 
solving 0
i
F
P


 , we get 
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We insert P(x) back to F and solve 0
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have the normal N phase with ϑ=0. The effective splay 
constant is 
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1eff sK c
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It goes to 0 at t = tc.  
 
Figure 3: (color online) (a) Scheme of the splay 
nematic phase. (b) Temperature dependence of the 
splay (red squares), the twist (green circles), and the 
bend (blue triangles) elastic constants in the nematic 
phase above the N-Ns phase transition [6]. Inset: 
Temperature dependence of the anisotropy of the index 
of refraction. 
For 
ct t , the modulated phase NS is stable. To the 
lowest order in 
ct t t   we get 
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We also checked that all the obtained solutions are 
minima of F by showing that the Hessian matrix is 
positive definite. 
III. EXPERIMENT 
By dynamic light scattering (DLS) we measured 
the elastic constants of CB9CB exhibiting NTB 
transition (Fig. 1) and of RM734 with NS transition  [6]. 
In DLS we observe the thermal fluctuations of the 
director. From these measurements, we obtain the 
temperature dependence of the elastic constants and 
some viscosity coefficients. We measure the scattered 
intensity and relaxation rates of eigenmodes of 
orientational fluctuations. By choosing the correct 
scattering geometry, pure modes can be measured with 
the intensities 2 2( ) /i opt iI K q  , and the relaxation 
rates 
21/ /i i iK q  , where i = 1,2,3 denote splay, 
twist and bend and q is the scattering vector [11]. While 
twist viscosity equals rotational viscosity 
1 , 2 1  , 
the values of bend and splay viscosities are affected by 
backflow, 
2
1 1 3 / b      and 
2
3 1 2 / c     , 
where 
i  are Leslie viscosity coefficients and ,b c  
Miesowicz viscosities [11]. In the case of the splay, the 
reduction of orientational viscosity due to the backflow 
is usually small (of the order of a few %), so 
1 1.   
The temperature dependence of the anisotropy of 
dielectric tensor at optical frequencies opt  was 
obtained from measurements of the optical anisotropy 
Δn . With this method, the temperature dependence of 
elastic constants is obtained, but not their absolute 
values. The fact that Δn is proportional to S  is also 
important in the following analysis. 
Let us first look at the results for the CB9CB. Fig. 
1b shows the temperature dependence of the elastic 
constants, with the inset showing Δn(T). As our method 
does not give absolute values of the elastic constants, 
the absolute values were obtained using the values for 
K1 and K3 at T - TNI = -6.8 K measured by dielectric 
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Frederiks transition [12,13]. The absolute values of K2 
was obtained from the ratio between twist and splay 
relaxation rates assuming 
1 1.   The bend constant 
decreases in a broad temperature interval and becomes 
small close to the transition. The increase just before 
the transition has been observed also in other 
compounds [12–15], but is currently not well 
understood. Fig. 2 shows Ki /Δn
2 as a function of Δn. 
As Δn is proportional to S, according to eq.(3), this 
plots should be linear functions with the slope given by 
the coefficients L3i. For splay and twist they are 
increasing, while for bend it is strongly decreasing, 
signifying a large negative contribution the L3i 
coefficients. This shows that in the case of CB9CB the 
main part of the softening of K3 is due to the increase 
of S. 
Now let us look at the NS case. Fig. 3 shows the 
elastic constants and Δn vs. T for RM734. Within 15 
degrees of the NS transition Δn is nearly saturated, so 
we can’t do the same plot as in Fig. 2. Now it is the 
splay constant that becomes very small at the NS 
transition. Note also that the T dependence of K1 is 
qualitatively different from the dependence of K3 in the 
NTB case. K1 is nearly constant to within a few degrees 
of the transition and then nonlinearly to a small value, 
consistent with the 
2 / t  term in eq. (20) driving the 
transition. 
IV. DISCUSSION 
The results of our model in the case of NTB 
transition are qualitatively the same as in Ref. [9], 
where the bend and twist vectors, together with 
flexoelectric coupling to polarization, are used as 
variables. A similar model using splay as the variable 
and flexoelectric polarization can describe the NS 
transition. In such models it is the temperature 
dependence of the P2 coefficient (t in our model) that 
drives the instability. It is also possible to simply 
require that the bend (in case of NTB) or splay (in case 
of NS) elastic constant goes to zero, as was done in 
Dozov’s original paper [7].  
Our model, using the Q-tensor, describes both 
types of elastic instabilities, bend and splay, by a 
Landau-deGennes type free energy with just a change 
of sign of a single coefficient. The relevant term of the 
form  
2
Q Q  breaks the degeneracy of the bend and 
splay elastic constants that is present in the isotropic 
part of the free energy. This contribution to K1 and K3 
is proportional to S3. Depending on the sign of this 
term, it causes either bend or splay constant to decrease 
with increasing S and decreasing T. Flexoelectric 
coupling also renormalizes the splay and bend 
constants, as seen in Eqs. (9) and (13), and provides and 
alternative mechanism for elastic constant softening.  
Our measurements of the T dependence of the 
elastic constants show that in the case of NTB transition 
the main contribution to the softening of K3 is due to 
the S3 term. This is shown by the approximately linear 
decrease of K3 over relatively broad T interval.  In the 
case of NS transition, S is approximately constant in the 
vicinity of the transition [16], so it can’t be the cause of 
K1 softening. Also, the form of the T dependence of K1 
in Eq. (20) shows that decrease of the coefficient t 
causes K1 softening. 
It is worth noting that our model free energy 
contains only one flexoelectric coefficient γ. This is the 
only possible isotropic term and in this model the bend 
and splay flexoelectric coefficients are equal. Similarly 
as in the case of elastic constants, this degeneracy is 
removed by a term of the form  Q Q P  which is 
allowed in the uniaxial symmetry of the nematic phase.  
V. CONCLUSIONS 
We have presented a unified phenomenological 
Q-tensor model of the phase transition from the usual 
N phase to the novel NTB and NS phases. The choice of 
the phase depends on the sign of the elastic term cubic 
in S. Comparison with the experimental data on elastic 
constants show that the NTB transition is mainly driven 
by the negative S3 contribution to K3, while the NS 
phase is due to the flexoelectric coupling.   
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